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ÄWe find a representative set of left cells of the affine Weyl group W of type Ca 4
as well as its left cell graphs by applying an algorithm. This algorithm was designed
 .in my previous paper Tohoku J. Math. 46, 1994, 105]124 . It is reformulated andÃ
improved in a more efficient form here. These representatives of left cells are
presented as the vertices of so-called essential graphs so that the generalized
t-invariants of left cells of W are actually described explicitly, the latter almosta
characterize the left cells of W . Some comments and conjectures are proposed ona
Äcells of affine Weyl groups, mostly for the case of type C , l G 2. Q 1998 Academicl
Press
w xSince it was designed in 22 , an algorithm of finding a representative set
 .  .of left cells an l.c.r. set for brevity of a certain Coxeter group W, S has
 wbeen applied extensively to Weyl groups and affine Weyl groups see 8, 16,
x.22, 23, 26, 27 . In the present paper, we shall reformulate and improve this
algorithm so that it can be performed more efficiently. We introduce three
processes A, B, and C instead of only two processes A and B in the
algorithm, by which one can avoid the complicated calculation of Kazh-
dan]Lusztig polynomials to a great extent. On the other hand, we intro-
duce two important concepts: an essential graph and a left cell graph
associated to an element of W. The left cell graphs exhibit the generalized
t-invariants for all the left cells of W. The essential graphs can do more,
which provide an l.c.r. set of W in addition. Note that to an element of W,
the associated essential graph does not always exist in general. Fortu-
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nately, such an obscurity does not occur in the case of the affine Weyl
Ä Ä .  w x.group W C of type C . By the results of Lusztig and Bedard see 12, 2 ,Âa 4 4
Ä Ä .  .this is still the case for the affine Weyl groups W C and W C .a 2 a 3
Moreover, by combining with the results of Lusztig and Bedard seeÂ
Ä.  .Section 6 , we shall see that for k s 2, 3, 4, all the left cells of W C nota k
in the lowest two-sided cell this can be checked easily from the alcove
.form of any of their elements can be characterized only by their general-
ized t-invariants. Since the left cells of any affine Weyl group in the lowest
 w xtwo-sided cell are characterized by their sign types see 19, 20 for the
Ä.  .definition of a sign type and for this result , all the left cells of W C ,a k
k s 2, 3, 4, are described completely. I expect that these phenomena should
Ä .be in common for all the affine Weyl groups W C , l G 2.a l
Some more comments and conjectures are proposed on cells of affine
ÄWeyl groups, mostly for the case of type C , l G 2. This includes thel
combinatorial description of the Lusztig map relating the two-sided cells of
Ä .W C to the unipotent conjugacy classes of the corresponding algebraica l
group, and the group-theoretical interpretation for the number of left cells
in some two-sided cells of some affine Weyl groups W , which involvesa
both the Lusztig map and Bala]Carter correspondence among two-sided
cells of an affine Weyl group, unipotent conjugacy classes of the corre-
 .sponding algebraic group G, and the G-classes of pairs L, P , where LL9
is a Levi subgroup of G, and P is a distinguished parabolic subgroup ofL9
semisimple part L9 of L.
The arrangement of the paper is as follows. In Section 1, we collect
some results on the cells of a Coxeter group, in particular of an affine
Ä .Weyl group and even of the group W C . We reformulate and improvea 4
the algorithm of finding an l.c.r. set in Section 2. Then in Section 3, we
introduce some results and terminologies needed in performing the algo-
rithm. Sections 4 and 5 are especially concerned with the affine Weyl
Ä .group W C . We obtain an l.c.r. set as well as all the left cell graphs fora 4
Ä .the group W C in Section 4 and make some comments on the possiblea 4
Ä .generalization of some properties of left cells of W C to the morea 4
Ä .general groups W C , l G 2, in Section 5. Finally, we put an Appendix ina l
Section 6, where we list all the left cell graphs and state some known
Ä Ä .  .results for the affine Weyl groups W C and W C .a 2 a 3
1. SOME RESULTS ON CELLS
 .1.1. Let W s W, S be a Coxeter group with S its Coxeter generator
 .set. Let F be the Bruhat order on W. For w g W, we denote by l w the
w xlength of w. Let A s Z u be the ring of polynomials in an indeterminate
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u with integer coefficients. For each ordered pair y, w g W, there exists a
unique polynomial P g A, called a Kazhdan]Lusztig polynomial, whichy, w
satisfies the conditions: P s 0 if y g w, P s 1, and deg P Fy, w w , w y, w
 .  .  . .  .  .1r2 l w y l y y 1 if y - w. For y - w in W, let m w, y s m y, w be
1r2. lw .y l y .y1.  .the coefficient of u in P . We denote y}}w if m y, wy, w
/ 0.
Checking the relation y}}w for y, w g W usually involves very compli-
cated computation of Kazhdan]Lusztig polynomials. But it becomes easy
 .  .in some special case: if x, y g W satisfy y - x and l y s l x y 1, then
we have y}}x. Another result concerning this relation will be stated in
Proposition 3.3.
1.2. The preorders F , F , F and the associated equivalence re-L R L R
w xlations ; , ; , ; on W are defined as in 10 . The equivalenceL R L R
 .classes of W with respect to ; resp. ; , ; are called left cellsL R L R
 .resp. right cells, two-sided cells .
1.3. An affine Weyl group W is a Coxeter group which can be realizeda
geometrically as follows. Let G be a connected, adjoint reductive algebraic
group over C. We fix a maximal torus T of G. Let X be the group of
 4characters T ª C and let F ; X be the set of roots with D s a , . . . , a1 l
a choice of simple root system. Then E s X m R is a euclidean spaceZ
 :  .with an inner product , such that the Weyl group W , S of G with0 0
respect to T acts naturally on E and preserves its inner product, where S0
is the set of simple reflections s corresponding to the simple roots a ,i i
 .1 F i F l. We denote by N the group of all translations T l g X on E:l
T sends x to x q l. Then the semidirect product W s W h N is calledl a 0
an affine Weyl group. Let K be the dual of the type of G. Then we define
Ä Ä .the type of W by K. Sometimes we denote W by W K to indicate itsa a a
Ätype K. There is a canonical homomorphism from W to W : w ¬ w.a 0
Let ya be the highest short root in F. We define s s s T , where0 0 a ya0 0
s is the reflection corresponding to a . Then the generator set of W cana 0 a0
 4be taken as S s S j s .0 0
1.4. The alcove form of an element w g W is, by definition, a F-tuplea
  ..k w, a over Z subject to the following conditions.a g F
 .  .  .a k w, ya s yk w, a for any a g F;
 .  .b k e, a s 0 for any a g F, where e is the identity element of
W ;a
 .  .c If w9 s ws 0 F i F l , theni
k w9, a s k w , a s q e a , i .  .  . .i
JIAN-YI SHI748
with
0 if a / "a ;¡ i~y1 if a s a ;e a , i s . i¢ 1 if a s ya ,i
 w x.where s s s if 1 F i F l, and s s s see 18, Proposition 4.2 .i i 0 a 0
 .By condition a , we can also denote the alcove form of w g W by aa
q   .. qF -tuple k w, a .a g F
 .  < 41.5. Condition 1.4 c actually defines a set of operators s 0 F i F l oni
the alcove forms of elements of W :a
s : k ¬ k q e a , i . .  . .i a a . sagF i agF
These operators could be described graphically. For example, assume that
ÄW has type C , l G 2, and that the indices of simple roots a area l i
compatible with the following Dynkin diagram: 6
o o o o o???
1 2 l y 2 l y 1 l
l  .A root a s  a a will be denoted in the form a , a , . . . , a . Letis1 i i 1 2 l
q  . ql s 4. We arrange the entries of a F -tuple k in the followinga a g F
way.
k1, 1, 1, 0.
k k1, 1, 0, 0. 0 , 1, 1, 0.
k k k1, 0, 0, 0. 0 , 1, 0, 0. 0 , 0, 1, 0.
k k k k 1.5.1 .1, 1, 1, 1. 0 , 1, 1, 1. 0 , 0, 1, 1. 0 , 0, 0, 1.
k k k1, 2, 2, 2. 0 , 1, 2, 2. 0 , 0, 1, 2.
k k1, 1, 2, 2. 0 , 1, 1, 2.
k1, 1, 1, 2.
Then the actions of s , 0 F i F 4, on a Fq-tuplei
a
b c
d e f
g h i jw s
k l m
n p
q
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are listed as in the table
where the entries in the ) positions remain unchanged.
1.6. To each element x g W , we associate two subsets of S as belowa
< < 4  4L x s s g S sx - x and R x s s g S xs - x . .  .
 .  .For w, w9 g W , we say that w9 is a left extension of w if l w9 s l w qa
 y1 .   ..l w9w . Then the following results on the alcove form k w, a ofa g F
an element w g W are known.a
w x  .  . <  . <qPROPOSITION 18, Propositions 4.1, 4.3 . 1 l w s  k w, a ,a g F
< <where the notation x stands for the absolute ¨alue of x;
 .  .  <  . 42 R w s s k w, a - 0 ;i i
 .3 w9 is a left extension of w if and only if the inequalities
 .  . <  . < <  . <k w9, a k w, a G 0 and k w9, a G k w, a hold for any a g F.
1.7. Lusztig defined a function a: W ª N which satisfies the followinga
properties:
 .  . < <1 a z F n s F r2, for any z g W , where F is the root systema
associated to W as in Subsection 1.3.a
 .  .  .  .  .2 x F y « a x G a y . In particular, x ; y « a x s a y .L R L R
 .  .So we may define the a-value a G on a left, right, or two-sided cell G of
 .W by a x for any x g G.a
 .  .  .  .  .3 a x s a y and x F y resp. x F y « x ; y resp. x ; y .L R L R
 .4 For any proper subset I of S, let w be the longest element inI
 .  .the subgroup W of W generated by I. Then a w s l w .I a I I
The above properties of function a were shown by Lusztig in his papers
w x12, 13 . Now we state some more properties of this function, the first two
 .  .  .of which are simple consequences of properties 2 , 3 , and 4 .
 <  . 4Let W s w g W a w s i for any non-negative integer i. Then by i. a
 .2 , W is a union of some two-sided cells of W . i. a
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 .5 If W contains an element of the form w for some I ; S, then i. I
 <  . 4w g W R w s I forms a single left cell of W . i. a
 .  .6 By the notation x s y ? z x, y, z g W , we mean x s yz anda
 .  .  .l x s l y q l z . In this case, we have x F z, x F y and henceL R
 .  .  .  .   ..  .a x G a y , a z . In particular, if I s R x resp. I s L x , then a x G
 .l w .I
 .  47 W is a single two-sided cell of W if i g 0, 1, n . As sets, i. a
 .  4W i s 0, 1, n can be described as below. W s e , where e is the i. 0.
identity element of W. W consists of all the non-identity elements of W1. a
 w x.each of which has a unique reduced expression see 11 . W consists ofn .
all the elements of W which have no zero entry in their alcove forms seea
.Subsection 1.4 . W can also be described as the lowest two-sided cell ofn .
 w x.W with respect to the partial order F see 19, 20 .a L R
 .8 Call an element s g S special, if the subgroup of W generateda
 4by S _ s is isomorphic to W . Thus the element s is always special.0 0
ÄWhen W is of type C , the element s is the unique special element in Sa l l
 4other than s . It is known that for any two-sided cell V / e of W and0 a
 <  .  44any special element s g S, the set Y s w g V R w s s is non-emptys
 w x.and is a single left cell of W see 15 .a
1.8. Let G and W be as in Subsection 1.3. Then the following result ofa
Lusztig is important to our purpose.
w x  .THEOREM 14, Theorem 4.8 . There exists a bijection u ¬ c u from the
set of unipotent conjugacy classes in G to the set of two-sided cells in W . Thisa
  ..bijection satisfies the equation a c u s dim B , where u is any element in u,u
and dim B is the dimension of the ¨ariety of Borel subgroups of G contain-u
ing u.
Ä .1.9. Let W s W C . Then according to the knowledge of the unipo-a a 4
tent classes of the complex simple algebraic group of type B , we see from4
Theorem 1.8 that in W , the set W is non-empty if and only if i g L sa  i.
 40, 1, 2, 3, 4, 5, 6, 8, 9, 10, 16 . More precisely, W is a single two-sided cell i.
 4of W if i g 0, 1, 2, 5, 6, 8, 9, 10, 16 , and is a union of two two-sided cellsa
 4of W if i g 3, 4 .a
2. THE ALGORITHM IN FINDING AN L.C.R. SET
Here and later, the notation W always stands for an affine Weyl groupa
with S its Coxeter generator set. One of the main purposes of the present
Äpaper is to describe the left cells of the affine Weyl group W of type C bya 4
finding its l.c.r. set. We need an algorithm to do so, which was constructed
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w xin my paper 22 and is applicable to a certain family of crystallographic
groups including all the Weyl groups and all the affine Weyl groups. In this
w xsection, we shall recall some results of 22 . In particular, we shall reformu-
late the algorithm in more suitable form, where the concerned Coxeter
group is always assumed to be W . Some comments on the algorithm area
new.
 .2.1. To each element x g W , we associate a set S x of all left cellsa
G of W satisfying the condition that there is some element y g G witha
 .  .  .  .y}}x, R y ­ R x , and a y s a x .
Then the following result is known.
w x  .  .THEOREM 22, Theorem 2.1 . If x ; y in W , then R x s R y andL a
 .  .S x s S y .
2.2. Say a set S of left cells of W is represented by a set K ; W if S isa a
the set of all left cells G of W with G l K / B. K is called a representa-a
< <ti¨ e set for S, if K represents S with K l G s 1 for any G g S, where
< <the notation X stands for the cardinality of the set X.
The algorithm is based on the following result which is a consequence of
Theorem 2.1.
w xTHEOREM 22, Theorem 3.1 . Let V be a two-sided cell of W . Then aa
non-empty subset K ; V is a representati¨ e set of left cells an l.c.r. set for
.short of W in V if K satisfies the following conditions.a
 .1 x ¤ y for any x / y in K ;L
 .2 If an element y g W is such that there is some element x g K witha
 .  .  .  .y}}x, R y ­ R x , and a y s a x , then y ; z for some z g K.L
 .2.3. To each element x g W , we denote by M x the set of all elementsa
y such that there is a sequence of elements x s x, x , . . . , x s y in W0 1 r a
with some r G 0, where for every i, 1 F i F r, the conditions xy1 x g Siy1 i
W .  .and R x R x are satisfied.iy1 i­
2.4. A subset K ; W is said to be distinguished if K / B and x ¤ ya L
for any x / y in K.
w x  .  .2.5. By 10, 2.3f , we know that the relations y}}x and R y ­ R x
hold if and only if one of the following cases occurs.
Wy1 .  .  .a y x g S and R y R x ;
­
 .  .  .b y s x ? s for some s g S with R y p R x ;
 .  .  .c y - x, y}}x, and R y p R x .
According to this fact, we design the following three processes on a
non-empty set P ; W .a
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 .  .A Find a largest possible subset Q from the set D M x withx g P
Q distinguished.
 . y1B To each x g P, find elements y g W such that y x ga
 .  .  .  .S, R y p R x , and a y s a x , add these elements y on the set P to
form a set P9, and then take a largest possible subset Q from P9 with Q
distinguished.
 .C To each x g P, find elements y g W such that y -a
 .  .  .  .x, y}}x, R y p R x , and a y s a x , add these elements y on the set
P to form a set P9, and then take a largest possible subset Q from P9 with
Q distinguished.
 .  .  .Note that Processes B and C put together amount to Process B
w xdefined in 22 .
2.6. A subset P of W is called A-saturated resp. B-saturated, resp.a
.  .   .  ..C-saturated , if Process A resp. B , resp. C on P can't produce any
element z satisfying z ¤ x for all x g P.L
 .Clearly, a set of the form D M x for any K ; W is alwaysx g K a
A-saturated.
It follows from Theorem 2.2 that an l.c.r. set of W in a two-sided cell Va
is exactly a distinguished subset of V which is A-, B-, and C-saturated. So
to get such a set, we may use the following.
w x  . 2.7. ALGORITHM 22, 3.3 . 1 Find a non-empty subset P of V usually
we take P to be distinguished for a¨oiding unnecessary complications whene¨er
.it is possible ;
 .  .  .  .2 Perform Processes A , B , and C alternately on P until the
resulting distinguished set can't be further enlarged by these processes.
 .Remark 2.8. 1 An l.c.r. set of W in a two-sided cell obtained by thea
above algorithm is contained in some right cell.
 .  .2 In general, Process A is easier to be performed than Processes
 .  .  .B and C . The only part of Process A which may cause some difficulty
 .is to find a largest distinguished subset in the set D M x . On thex g P
 .  .other hand, Process B is easier to be performed than Process C . In
addition to the difficulty of finding a largest distinguished subset in a given
 .set, the only other difficulty which may occur in Process B is to check
 .  .  .whether or not the condition a y s a x holds. Process C is usually
quite difficult to be performed, in particular when the lengths of the
elements x g P are getting larger. This is because checking the relation
y}}x may involve very complicated computation of Kazhdan]Lusztig
polynomials. To avoid such troubles to a great extent, we shall give the
 .  .first priority to Process A and the second priority to Process B in
applying Algorithm 2.7. In other words, in applying Algorithm 2.7, we
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 .  .always first perform Process A ; Process B is performed only when
 .  .Process A alone cannot make any further progress; finally Process C is
 .  .performed when no progress can be made by Processes A and B .
 .  .3 To simplify, Process C can be performed in the following way.
 .To an element x g P, find the set J x of all elements y with y - x,
 .  .  .  .  .  .  .l x k l y mod 2 , R y p R x , and L y = L x . Then find the set
 .  .  .  .J x of all elements y in J x such that a y s a x and y ¤ z for any0 L
 .  .z g P. If J x / B, then find a maximal distinguished set J x consist-0 1
 .ing of all elements y g J x with y}}x and add it to the set P.0
The advantage of the above procedure is that we can reduce the
calculation of Kazhdan]Lusztig polynomials to a great extent. Combining
this with the convention of the priority in applying Algorithm 2.7, some-
times we can even avoid the calculation of any non-trivial Kazhdan]Lusz-
 .tig polynomials entirely in practice. The set J x is empirically always0
empty in the present case as well as in all the other cases so far we have
w x  .dealt with 8, 16, 22, 23, 25, 26, 27 . One might think that Process C is
absolutely redundant and should be removed from the algorithm. But I
can't rule it out in general.
3. SOME RESULTS AND TERMINOLOGIES NEEDED IN
PERFORMING ALGORITHM 2.7
In applying Algorithm 2.7, we need some results which will be provided
 .in the subsequent discussion. From Subsection 1.7 3 and Theorem 2.1, we
 .have the following result on a set M x .
 .  .PROPOSITION 3.1. 1 For any x g W , the set M x is wholly containeda
in some right cell of W .a
 .  .  .2 If x ; y in W , then M x and M y represent the same set of leftL a
cells of W .a
 .3.2. In a Coxeter system W, S , a sequence of elements of the form
3.2.1 ys, yst , ysts, . . . . ^ ` _
m y 1 terms
 4  .is called an s, t -string or just call it a string if s, t g S and y g W satisfy
 .  .the conditions that the order o st of the product st is m and R y l
 4s, t s B.
It is easily seen that a string is wholly contained in some right cell of W.
 .For any x g W, we can re-define M x to be the minimal set containing x,
 .subject to the requirement that any string regarded as a set meeting
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 .  .M x must be wholly contained in M x . Suppose that we are given two
 4  .s,t -strings x , x , . . . , x and y , y , . . . , y with o st s m. We1 2 my1 1 2 my1
 .  .denote the integers m x , y see Subsection 1.1 by a for 1 F i, j Fi j i j
m y 1. Then it is known that
w xPROPOSITION 3.3 12, 10.4 . In the abo¨e setup, the following assertions
hold.
 .a When m s 3, we ha¨e a s a , a s a ;12 21 11 22
 .b When m s 4, we ha¨e a s a s a s a , a s a , a s a ,12 21 23 32 11 33 13 31
and a s a q a .22 11 13
We have the following result corresponding to this.
w xPROPOSITION 3.4 10, Corollary 4.3; 22, Proposition 4.6 . Keep the setup
of Subsection 3.2.
 .1 If m s 3, then
 .a x ; y m x ; y ;1 L 1 2 L 2
 .b x ; y m x ; y .1 L 2 2 L 1
 .2 If m s 4, then
 .a x ; y m x ; y m x ; y m x ; y ;1 L 2 2 L 1 2 L 3 3 L 2
 .b x ; y m x ; y ;1 L 1 3 L 3
 .c x ; y m x ; y ;1 L 3 3 L 1
 .d x ; y m either x ; y or x ; y .2 L 2 1 L 1 1 L 3
3.5. Two elements x, y g W form a primiti¨ e pair, if there exist twoa
sequences of elements x s x, x , . . . , x and y s y, y , . . . , y in W such0 1 r 0 1 r a
that the following conditions are satisfied.
 .a x }}y for all i, 0 F i F r.i i
 .b For every i, 1 F i F r, there exist some s , t g S such thati i
 .  4x , x and also y , y are two neighboring terms in some s , t -string.iy1 i iy1 i i i
 .  .  .  .  .  .  .c Either R x ­ R y and R y ­ R x , or R y ­ R x andr r
 .  .R x ­ R y hold.r r
In this case, we have x ; y by Proposition 3.1.R
 .Assume that x, x9 and also y, y9 are two neighboring terms in some
 4s, t -string with x}}y and that at least one of x, y, is a terminal term of
 4the s, t -string containing it. Then by Proposition 3.3, we have x9}}y9. In
 .  .particular, it is always the case when o st s 3. Thus, if in b , we have in
 4addition that at least one of x , y is a terminal term of the s , t -stringi i i i
 .containing it for all i, 0 F i - r, then we can replace condition a by the
following weaker one in the definition of a primitive pair:
 .a9 x }}y .0 0
LEFT CELLS IN AFFINE WEYL GROUPS 755
3.6. In the present paper, by a graph M , we always mean a set M of
vertices together with a set of edges, where each edge is a two-elements
subset of M, and each vertex is labelled by a subset of S.
Let M and M9 be two graphs with their vertex sets M and M9. They
 w xare said to be isomorphic note that we call it quasi-isomorphic in 22
.owing to the different definition of a graph , written M ( M9, if there
exists a bijective map h from the set M to the set M9 satisfying the
following conditions.
 .  .1 The labelling of w is the same as that of h w for any w g M.
 .  4   .  .42 For w, z g M, w, z is an edge of M if and only if h w , h z
is an edge of M9.
This is an equivalence relation on graphs.
 .3.7. We define a graph M x associated to an element x g W asa
 .follows. Its vertex set is M x . Its edge set consists of all two-elements
 4  .subsets y, z ; M x with y, z two neighboring terms of a string. Each
 .  .vertex y g M x is labelled by the set R y .
w xNote that unlike the definition given in 22 , we do not label the edges of
 .a graph here. Clearly, for any x g W , the graph M x is always con-a
nected.
 .A left cell graph associated to an element x g W , written M x , is bya L
 .definition a graph, whose vertex set M x consists of all left cells G of WL a
 .  .with G l M x / B. Two vertices G, G9 g M x are joined by an edge, ifL
 .  .there are two elements y g M x l G and y9 g M x l G9 such that
 4  .  .y, y9 is an edge of M x . Each vertex G of M x is labelled by theL
 . wcommon labelling of elements of M x l G. This makes sense by 10,
x  .Proposition 2.4 . Clearly, the graph M x is always connected.L
 .  .3.8. A subgraph M of M x x g W is said to be essential, if therea
 .exists an isomorphism h from M to M x such that each vertex y of ML
 .is contained in the left cell h y .
 .It is easily seen that when a subgraph M of M x is essential, its vertex
 .set must be distinguished. In particular, the graph M x itself is essential
 .if and only if its vertex set M x is distinguished. But we should be careful
 .that in general there does not always exist a subgraph of M x which is
essential some counter-examples could be found in the two-sided cell W3.
Ä Ä .  . .of the affine Weyl group W D and in W of W A , l ) 1 . However,a 4 1. a l
Ä .we shall see that for any x g W C , there always exists some essentiala 4
 .subgraph of M x containing x as its vertex.
 .3.9. By a path in the graph M x , we mean a sequence of vertices
 .  4  .z , z , . . . , z in M x such that z , z is an edge of M x for any i,0 1 t iy1 i
1 F i F t. Two elements x, x9 g W have the same generalized t-in¨ariant,a
 .if for any path z s x, z , . . . , z in the graph M x , there is a path0 1 t
JIAN-YI SHI756
X X X  .  X.  .z s x9, z , . . . , z in M x9 with R z s R z for every i, 0 F i F t, and0 1 t i i
if the same condition holds when interchanging the roles of x with x9.
3.10. It may happen that for two elements x, y g W with x ; y, thea L
 .  . graphs M x and M y are not isomorphic take x s s and y s s s in0 1 0
Ä . .W C , for example . But we have the following result.a 4
 .PROPOSITION. a The elements in the same left cell of W ha¨e the samea
generalized t-in¨ariant.
 .  .  .b If x ; y in W , then the left cell graphs M x and M y areL a L L
isomorphic.
 .  w x.  .The assertion a is well known see 22, Proposition 4.2 . Then b
follows from Theorem 2.1 and Proposition 3.1 readily.
The above result allows us to talk about the generalized t-invariant of a
left cell of W , which is by definition the generalized t-invariant of anya
element in this left cell.
3.11. We state some well-known results concerning the Bruhat order of
 .  .a Coxeter system W, S which will be useful in performing Process C on
a set.
 .a Let y F w in W. Then for any reduced form w s s s ??? s with1 2 r
s g S, there is a subsequence i , i , . . . , i of 1, 2, . . . , r such that y s s si 1 2 t i i1 2
??? s is a reduced expression of y.i t
 .  .b Suppose J s L w for w g W. Then there is some x g W with
 .  .  .w s w ? x and l w s l w q l x .J J
 .  .Now let w g W be with J s L w . By b , we can find a reduced
 .expression w s s s ??? s , s g S, with w s s s ??? s , where t s l w .1 2 r i J 1 2 t J
Denote w s s s ??? s for t F j F r. Let P be the set of all elements yj 1 2 j j
 .  4with y F w and L y = J. Then P s w . Suppose that the set P hasj t J k
 .been found for t F k - r. Then by a , we have
<P s P D xs x g P , s f R x . 4 .kq1 k kq1 k kq1
This provides a recurrence procedure to find all the elements y with
 .  .y F w and L y = L w for any given w g W.
4. L.C.R. SETS AND LEFT CELL GRAPHS IN TWO-SIDED
Ä .CELLS OF W Ca 4
4.1. We shall apply Algorithm 2.7 to find an l.c.r. set, together with the
Ä .corresponding left cell graphs, in each two-sided cell V of W s W C .a a 4
Let us first choose the starting sets P of the algorithm. From the nature of
 .the algorithm, it is preferred but not necessary to choose the elements x
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of the form w , I ; S, for the set P whenever it is possible. Let P be theI i
set of all the elements of W of the form w . Then we have the following i. I
table.
i P i Pi i
 4  40 e 6 w123
 4  41 s , s , s , s , s 8 w0 1 2 3 4 0134
 4  42 w , w , w , w , w , w 9 w , w02 03 04 13 14 24 012 234
 4  43 w , w , w 10 w , w024 12 23 0124 0234
 4  44 w , w , w , w 16 w , w023 124 01 34 0123 1234
 45 w , w , w , w013 014 034 134
  4.Each set W i g 0, 1, 2, 5, 6, 8, 9, 10, 16 consists of a single two-sided i.
cell. For such a set W , we shall take P as the starting set of the i. i
 .algorithm. The set W resp. W contains two two-sided cells. We shall3. 4.
take a one-element subset of P as the starting set of the algorithm.i
 .   .. For any z g W , we denote by V z resp. G z the two-sided cell resp.a
.the left cell of W containing z.a
4.2. The case W is trivial and so we shall always assume i ) 0 for W .0.  i.
In applying the algorithm, we shall first deal with the two-sided cell W ,16.
 .  .  .then W , W , W , W , W , V w , W _ V w , V w , W _10. 9. 8. 6. 5. 023 4. 023 12 3.
 .  < 4V w , W , and W in turn, where X _ Y s x g X x f Y for any sets12 2. 1.
X, Y. The reason for taking such an order is to make it easier in perform-
 .  .ing Processes B and C , in particular in the determination of the
a-values of the elements occurring in the intermediate steps of these two
processes.
Ä .Let c be the automorphism of W C which sends s to s fora 4 i 4yi
0 F i F 4. Then it is clear that c stabilizes the sets W , i G 0, and induces i.
 .a permutation on the set of left resp. right, resp. two-sided cells of W ina
each W . i.
 .We shall use the notation i for the simple reflection s 0 F i F 4 in thei
subsequent discussion.
4.3. W is the lowest two-sided cell of W . It is known that an element16. a
of W is in W if and only if its alcove form has no zero entry seea 16.
 .. < <Subsection 1.7 7 . It is also known that there are totally W left cells of0
 wW in W each of which is associated to a sign type see 20, Theorem 1.1a 16.
x.and Corollary 1.2 . Let x s 3210123 ? w and y s 1234321 ? w . Then we0124 0234
see from their alcove forms that the elements x, y, w , and w are all0123 1234
 .  .  .  .in the set W . The graphs M x , M y , M w , and M w are16. 0123 1234
isomorphic to those in Figs. 16, 17, 18, and 19, respectively the figures
.mentioned here and later will be displayed after this section . The vertices
x, y, w , w are labelled by 0124 , 0234 , 0123 , 1234 respectively in the0123 1234
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corresponding graphs. We see that the sign types associated to the ele-
 .  .  .  .ments of the union M s M x j M y j M w j M w are all0123 1234
different. This implies that the above four graphs are all essential and that
< < < <M is an l.c.r. set of W by the fact M s W s 384.16. 0
 .4.4. W is a single two-sided cell of W . The graph M w is10. a 0124
isomorphic to that in Fig. 16, which is essential by Proposition 3.10. The
 .element w does not belong to any left cell of W in M w since0234 a L 0124
 .  .there is no vertex of M w labelled by 0234 . By the fact c w s0124 0124
 .  .w , we see that the graph M w is essential see Fig. 17. . The left0234 0234
 .  .cell set M w is disjoint to M w again by Proposition 3.10. ByL 0124 L 0234
 .  .applying Algorithm 2.7, we see that the union M w j M w is A-,0124 0234
B-, and C-saturated and hence forms an l.c.r. set of the two-sided cell W .10.
4.5. W is a single two-sided cell of W . There are two vertices of9. a
 .  .M w labelled by 012 resp. 0 . This fact, together with Subsection012
 .  .  .1.7 5 , 8 and Propositions 3.4, 3.10, implies that the graph M w is not012
 .essential and that the left cell graph M w should be that in Fig. 14L 012
 .with the vertex G w labelled by 012 . Since there is no vertex of012
 .M w labelled by 234 , the element w does not belong to any leftL 012 234
 .  .cell of W in M w . Since c w s w , we see that the left cella L 012 012 234
 .  .graph M w should be displayed as in Fig. 15 with G w the vertexL 234 234
labelled by 234 . By applying Algorithm 2.7, we can show that the union
 .  .M w j M w is the left cell set of W in the two-sided cell W .L 012 L 234 a 9.
 .4.6. W is a single two-sided cell of W . The graph M w is8. a 0134
isomorphic to that in Fig. 13, which is essential by Proposition 3.10. It can
 .be shown by applying Algorithm 2.7 that the set M w forms an l.c.r.0134
set of W .8.
 .4.7. W is a single two-sided cell of W . The graph M w is infinite.6. a 123
 .  .   . <  . 4By Subsection 1.7 5 , 8 , we see that the set w g M w R w s J123
  4  4  4.J s 0 , 4 or 123 is contained in some left cell of W . On the othera
 .hand, let x s w ? 012024. Then the graph M w contains the following123 123
subgraph,
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where the vertex labelled by 014 is the element x. Let y s x20 and w s x ?
21. Then y and w are two vertices of this subgraph, both labelled by 124 .
We claim y ; w. We have 210 ? w s 12010 ? y and denote this element by z.L
 .Then z is a common left extension of w and y see Subsection 1.6 . Let
 . y1  .x s 210 ? w . Then we see that z g M x and x g M w . This1 123 1 1 123
 .implies z g W . Hence by Subsection 1.7 3 , we have y ; z ; w. From6. L L
 .these facts and by Proposition 3.4, we see that the left cell graph M wL 123
 .should be that in Fig. 12. Applying Algorithm 2.7, we see that M w isL 123
the left cell set of W in the two-sided cell W .a 6.
 .4.8. W is a single two-sided cell of W . The graph M w is infinite.5. a 013
 .   . <  . 4By Subsection 1.7 5 , we know that the set w g M w R w s J is013
 4  4  4  4contained in some left cell of W for J s 0, 1, 3 , 0, 1, 4 , 0, 3, 4 , or 1, 3, 4 . Bya
Propositions 3.4 and 3.10, this fact tells us that the left cell graph
 .  .M w should be that in Fig. 10. Since c w s w , we see that theL 013 013 134
 .  .left cell graph M w should be that in Fig. 11. The sets M w andL 134 L 013
 .M w are disjoint by Proposition 3.10. By applying Algorithm 2.7, weL 134
 .  .see that M w j M w is the left cell set of W in the two-sidedL 013 L 134 a
cell W .5.
4.9. There are two two-sided cells in W .4.
 .  .  .a First consider the two-sided cell V w . The graph M w is023 023
isomorphic to that in Fig. 6, which is essential by Proposition 3.10. Let
 .  4y s w ? 12, y s y ? 4. Then y g M w , and y, y is a primitive pair023 0 023 0
 .  .  4see Subsection 3.5 . So y ; w . But we have R y s 1, 2, 4 . This0 R 023 0
 .  .implies y ; w by Subsection 1.7 5 . Hence w g V w . Since0 L 124 124 023
 .  .c w s w , it implies from the above results that the graph M w is023 124 124
 .essential see Fig. 7 . It is seen easily by Proposition 3.10 that the left cell
 .  .set M w is disjoint to M w . By applying Algorithm 2.7, we seeL 023 L 124
 .  .that the union M s M w j M w is A-, B-, and C-saturated. So M124 023
 .forms an l.c.r. set of the two-sided cell V w .023
 .  .  .b We have w , w f V w since there is no vertex of M w01 34 023 023
 .  .  .and M w labelled by 01 or 34 . This implies V w s W _ V w124 01 4. 023
 .  .  .and w g V w . The graphs M w and M w are isomorphic to34 01 01 34
those in Figs. 8, 9, respectively. By Proposition 3.10, we see that these two
 .graphs are both essential and that the left cell set M w is disjoint toL 01
 .  .  .M w . By applying Algorithm 2.7, we see that the set M w j M wL 34 01 34
 .forms an l.c.r. set of the two-sided cell V w .01
 .FIG. 1. M e .L
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 .FIG. 2. M s .L 0
4.10. There are two two-sided cells in W .3.
 .  .  .a First consider the two-sided cell V w . The graph M w is12 12
 .essential by Proposition 3.10 see Fig. 4 . By applying Algorithm 2.7, we see
 .  .that the set M w forms an l.c.r. set of V w .12 12
 .  .  .b We have w f V w since no vertex of the graph M w is024 12 12
 .  .  .labelled by 024 . So V w s W _ V w . The graph M w is essen-024 3. 12 024
 .  .tial by Proposition 3.10 see Fig. 5 . The set M w forms an l.c.r. set of024
 .the two-sided cell V w by applying Algorithm 2.7.024
 .4.11. By Subsection 1.7 5 and Propositions 3.4, 3.10, we see that the
 .  .graph M w is not essential and that the left cell graph M w is02 L 02
displayed as in Fig. 3. We have by applying Algorithm 2.7 that the set
 .M w is the left cell set of W in the two-sided cell W .L 02 a 2.
 .  .4.12. The graph M s is infinite. The left cell graph M s can be0 L 0
 .  .  .obtained easily from M s by Subsection 1.7 5 see Fig. 2. .0
4.13. We have obtained all the left cell graphs of the two-sided cells
 4W , i g 1, 2, 5, 6, 9 . By a close observation of the related graphs, we see i.
 .   4.that for any left cell graph M x of W i g 1, 2, 5, 6, 9 , there existsL  i.
 .some subgraph of the corresponding graph M x which is isomorphic to
 .M x and contains x as its vertex. Therefore we have obtained an l.c.r.L
set for any of these two-sided cells of W . On the other hand, we obtaineda
an l.c.r. set for each remaining two-sided cell of W which is presented asa
 .the vertex set of certain essential graphs of the form M x . Thus we have
actually obtained an l.c.r. set and the left cell graphs for any two-sided cell
of W .a
 .FIG. 3. M w .L 04
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 .FIG. 4. M w .L 12
 .FIG. 5. M w .L 024
 .FIG. 6. M w .L 023
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 .FIG. 7. M w .L 124
Ä .4.14. All the left cell graphs of W C obtained in the present sectiona 4
are shown in Figs. 1]19.
5. SOME COMMENTS
In this section, we shall make some observations and comments on the
Ä .left cells of W C , k s 2, 3, 4, by the results we have obtained so far.a k
Based on these, we shall further consider the possible generalization to the
more general affine Weyl groups.
5.1. Let us start with recalling some concepts and known results. A
partition of l g N is by definition a sequence of integers l G l G ??? G1 2
l ) 0 with r l s l. We shall not distinguish between two such se-r is1 i
quences which differ only by a string of zeros at the end. Let L be the2 lq1
 .  .set of all partitions of 2 l q 1. Let l s l , l , . . . , l , m s m , m , . . . , m1 2 r 1 2 t
be in L . We say that m is dual to l if for any i G 1, m is the number2 lq1 i
of parts l , 1 F j F r, with l G i. We say that l dominates m, writtenj j
l G m, if k l G k m for any k G 1. This defines a partial order,is1 i is1 i
called the natural order, on the set L . Let L be the set of all2 lq1 2 lq1
partitions in L each of whose even parts occurs with even multiplicity.2 lq1
 .Let G B be the complex adjoint algebraic group of type B , l G 2. Thenl l
 .it is well known that the unipotent conjugacy classes of G B arel
parametrized by elements of L such that if u , u are two unipotent2 lq1 l m
 .FIG. 8. M w .L 01
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 .FIG. 9. M w .L 34
 .classes of G B parametrized by l, m, respectively, then u : u if andl l m
only if l F m, where u is the closure of u in the variety of unipotentm m
 .  w x.elements of G B see 3, Chap. 13 .l
5.2. For l g L , let u be the corresponding unipotent conjugacy class9 l
Ä .  .  .of G B . Let V s c u be the two-sided cell of W s W C associated4 l l a a 4
 w x.to u under the Lusztig map in Theorem 1.8 see 14 . We denote by nl l
 .  .  .(the number of left cells of W contained in V , and by A l s C u rC ua l
the component group of the centralizer of an element u g u ; the latterl
makes sense since it is independent of the choice of u up to isomorphism.
Then by the result of Section 4 and by Theorem 1.8, we have the following
table.
 .  .l n V A l l n V A ll l l l
2 3 .  .9 1 W 1 3 1 56 W S0. 5. 2
2 2 2 .  .71 5 W S 32 1 72 W S1. 2 6. 2
2 4 .  .531 11 W S 2 1 96 W 12. 2 8.
2 6 .  .  .52 24 V w 1 31 144 W S12 9. 2
2 2 5 .  .  .4 1 16 V w 1 2 1 192 W 1024 10.
4 9 .  .  .51 32 V w S 1 384 W 101 2 16.
3 .  .3 32 V w 1023
 2 2 .  .Here the notation 32 1 for example in the table stands for a partition
Ä .with five parts 3, 2, 2, 1, 1. Thus the total number of left cells in W Ca 4
is 1065.
5.3. Let G be a simple algebraic group of adjoint type over C. Accord-
ing to the Bala]Carter Theorem, there is a bijective map between unipo-
 .tent conjugacy classes of G and G-classes of pairs L, P , where L is aL9
Levi subgroup of G and P is a distinguished parabolic subgroup of theL9
semisimple part L9 of L. The unipotent class corresponding to the pair
 .  wL,P contains the dense orbit of P on its unipotent radical see 3,L9 L9
x.Theorem 5.9.6 .
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 .FIG. 10. M w .L 013
 .For l g L , let L, P be the pair associated to the unipotent2 lq1 L9
 .conjugacy class u of G B and let W be the Weyl group of L9. Thenl l L
from the existing datum, we assert that for any l g L with l s 2, 3, 42 lq1
Ä .  .or a V F 4, the number n of left cells of W C in the two-sided celll l a l
< < < <  . V is equal to W r W if and only if A l is trivial see Subsection 5.2,l 0 L
 .FIG. 11. M w .L 134
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 .FIG. 12. M w .L 123
w x.Section 6, and 11, 4, 5, 16 . In fact, the parts of any l g L can be2 lq1
listed in the following way: a , a , a , a , . . . , a , a , 2b q 1, 2b q1 1 2 2 r r 1 2
1, . . . , 2b q 1 with a G a G ??? G a ) 0 and b ) b ) ??? ) b G 0.t 1 2 r 1 2 t
 .  .In the associated pair L, P to u , we know that L9 and hence W hasL9 l L
w xtype A q ??? qA q B , where tr2 is the largest integera y1 a y1 Sb qw tr2x1 r i
 .not exceeding tr2. We know that the group A l is trivial if and only if l
 w x.has exactly one distinct odd part see 3, Chap. 13 . Thus the above
assertion can be checked easily from the existing datum. I conjecture that
Ä .this result holds also for any two-sided cell of W C , l G 2.a l
Again by the existing datum, we observe that the analogous result also
Ä Ä Ä Ä .holds for the affine Weyl groups of types A l G 1 , B , B , F and for alll 3 4 4
Ä  .the two-sided cells V of the affine Weyl groups of type B l G 2 withl
Ä Ä .  .a V F 4. But it is false for the affine Weyl groups of types D l G 4 , E ,l 7
Ä  w x.E see 17, 9, 27, 25, 4, 16, 6, 7, 23 .8
Note that the above phenomena were predicted implicitly by Lusztig in
his conjecture on the number of left cells in a two-sided cell of an affine
 w x.Weyl group see 1 .
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 .FIG. 13. M w .L 0134
w x  .5.4. It has been shown in 24 that the Lusztig map u ª c u from the
 .  .set of unipotent conjugacy classes of G B k s 2, 3, 4 to the set ofk
Ä .two-sided cells of W C is order-preserving: u : u9 if and only ifa k
 .  . c u F c u9 see Subsection 1.8 and the tables in Subsection 5.2 andL R
.  .Section 6 . For a two-sided cell V of W , let T V be the set of all subsetsa
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 .FIG. 14. M w .L 012
 .FIG. 15. M w .L 234
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 .  .FIG. 16. M w or M 3210123 ? w .L 0124 L 0124
 .I of S such that I s L w for some w g V. Then we have the following
Ä .  .  4fact in the groups W C k s 2, 3, 4 : two two-sided cells V, V9 / ea k
 .  .satisfy the relation V F V9 if and only if T V = T V9 . I conjectureL R
that this result holds in any affine Weyl group. We can say even more for
Ä .the groups W C , k s 2, 3, 4. Let us introduce some more notations.a k
Ä 4  .Let S s s , s , . . . , s be the Coxeter generator set of the group W C0 1 l a l
whose indices are compatible with the corresponding extended Dynkin
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 .  .FIG. 17. M w or M 1234321 ? w .L 0234 L 0234
diagram which is obtained from the Dynkin diagram in Subsection 1.5 by
adding one more node labelled by 0 to the diagram which joins the node
.labelled by 1 by a double arrowed edge . For any J ; S, a decomposition
J s J j J j ??? j J is called standard, if the following conditions are1 2 t
satisfied.
 .a Each J , 1 F i F t, is not empty and the corresponding Dynkini
subdiagram is connected.
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 .FIG. 18. M w .L 0123
 .b For any pair i, j, 1 F i - j F t, we have J l J s B and thei j
Dynkin subdiagram corresponding to J j J is not connected.i j
 . < < < < < <c J G J G ??? G J ,1 2 t
where we stipulate that a standard decomposition of an empty set is the
trivial one. Now assume that J s J j J j ??? j J is a standard decompo-1 2 t
 4sition of a proper subset J ; S. For any i with J l s , s s B, we arei 0 l
< <given two equal integers a s a s J q 1. On the other hand, supposei1 i2 i
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 .FIG. 19. M w .L 1234
 4J l s , s / B for some j. Then we are given an integer a equal toj 0 l j
< <  4 < <2 J q 1 if J l s , s s B for any k - j, and equal to 2 J if otherwise.j k 0 l j
 .  .We denote by z J the dual partition of l , l , . . . , l g L , where1 2 r 2 lq1
the sequence l , l , . . . , l is obtained by arranging all the numbers1 2 r
a , a , a , ; i, j, in decreasing order, and adding some parts 1's at the endi1 i2 j
 .whenever it is necessary. It is clear that z J does not depend on the
chosen standard decomposition of J and so it is well defined. Thus we
have defined a map z from the set of all proper subsets of S to the set
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L . It can be shown that for any subset K of L , there exists a2 lq1 2 lq1
unique element of L dominated by all the elements in K and being2 lq1
maximum with this property. Then the following result can be checked
directly from the existing datum.
Ä .PROPOSITION. Let V be a two-sided cell of the group W C , k s 2, 3, 4.a k
 .Let l V be the unique maximal element of L dominated by all the2 kq1
  ..  .elements in the set z T V ; L . Then the partition l V parametrizes2 kq1
the unipotent class of the algebraic group G of type B corresponding to Vk
under the Lusztig map.
This proposition gives an explicit combinatorial description of the Lusztig
Ä .map for the groups W C , k s 2, 3, 4. I conjecture that it remains valida k
Ä .for all the groups W C , l G 2.a l
5.5. Proposition 5.4 encourages us to propose one more conjecture
Ä .which is concerned with the relation ; on elements of W C . For anyL R a l
Ä .  .  <w g W s W C , l G 2, we define a set T w s J ; S w s x ? w ? y, fora a l J
4  .some x, y g W . Let l w be the unique maximal element of La 2 lq1
  ..dominated by all the elements in the set z T w ; L .2 lq1
Ä .  .Conjecture. Let x, y g W C . Then x ; y if and only if l x sa l L R
 .l y .
5.6. From the left cell graphs displayed in Figs. 1]19, we see that any
Ä .left cell G of W C is determined uniquely by its generalized t-invarianta 4
 . see Subsection 3.9 except for the cases where there is some and hence
.  .any element x g G such that the graph M x is that in Fig. 16 or 17. ButL
 .  4in these exceptional cases, we have a G g 10, 16 . Then the alcove form
 .of any element of G could tell us the actual value a G : it is equal to 16 if
no entry of the alcove form is zero, or 10 if otherwise see Subsec-
 ..tion 1.7 7 and hence the left cell G is determined uniquely. Therefore we
have the following.
Ä .THEOREM. Let G be a left cell of the affine Weyl group W C . If G isa 4
not in the lowest two-sided cell, then it is determined entirely by its generalized
t-in¨ariant. On the other hand, if G is in the lowest two-sided cell, then it is
determined by the corresponding sign type.
Ä Ä .  . An analogous result also holds for the groups W C and W C seea 2 a 3
.Section 6. . One might expect that this also holds for all the affine Weyl
Ä .groups W C , l G 2.a l
5.7. By closely observing all its left cell graphs, we have the following
Ä .result for the group W C .a 4
Ä .PROPOSITION. For any w g W C not in the lowest two-sided cell, therea 4
 .  .  .  .is a ¨ertex ¨ with I s R ¨ in the graph M w such that l w s a w .I
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 .This result, together with the result in Subsection 1.7 7 concerning the
lowest two-sided cell, makes it easier to determine the a-value of any
Ä . w xelement of the group W C . Also, by 21, Proposition 5.12 , this resulta 4
Ä .enables us to find all the distinguished involutions of W C only bya 4
 wsuccessively applying star operations on the elements w , J ; S see 13,J
x .17 for the definitions of a distinguished involution and a star operation . It
is known that the distinguished involutions play an important role in the
representation theory of Coxeter groups and Hecke algebras and that
finding these elements usually involves very complicated computation of
Kazhdan]Lusztig polynomials. By the results of Lusztig and Bedard seeÂ
w x.Section 6 or 12, 2 , we see that the above proposition remains valid if we
Ä Ä .  .replace the group W C by W C , k s 2 or 3. Thus one might furthera 4 a k
Ä .expect the validity of this result for all the groups W C , l G 2. Unfortu-a l
nately, this is not the case. By Theorem 1.8, we see that for any l G 5,
Ä .  .  .there always exists some element w g W C such that a w / l w fora l I
any I ; S and hence for such an element w, the conclusion of the above
proposition should be false.
5.8. Let c be the unique non-trivial automorphism of the affine Weyl
Ä .  . group W C l G 2 which preserves the Coxeter generator set S seea l
.Subsection 4.2 . Let M , N be two graphs with M, N the corresponding
 .vertex sets in the sense of Subsection 3.6 . We say that the graph N is
 .opposed resp. dual to M , if there is a bijective map f from the set M to
N satisfying that for any x, y g M,
 .   ..  .    ..   ...a R f x s S _ R x resp. R f x s c R x .
 .  4   .  .4b x, y is an edge of M if and only if f x , f y is an edge
of N.
Ä .It is easily seen that if W ; W C consists of a single two-sided cell i. a l
and has only one left cell graph, say M , then M must be self-dual. ThisL L
Ä .  4 is the case for the sets W ; W C with i g 0, 1, 2, 6, 8 see Figs. 1, 2, 3, i. a 4
Ä.  .12, 13 . The other self-dual left cell graphs of W C are in Figs. 4 and 5.a 4
All the remaining displayed left cell graphs fall into six mutual dual pairs:
  .  .4   .  .4   .  .4M w M w , M w , M w , M w , M w ,L 023 L 124 L 01 L 34 L 013 L 134
  .  .4  4  4M w , M w , Fig. 16, Fig. 17 , and Fig. 18, Fig. 19 .L 012 L 234
Ä .There is no self-opposed left cell graph in W C . But there are just twoa 4
 4 pairs of mutual opposed left cell graphs: Fig. 16, Fig. 19 and Fig. 17, Fig.
Ä4  .18 , where all the left cell graphs in the lowest two-sided cell of W C area 4
 .involved. The last statement should hold for any affine Weyl group.
5.9. We see that the automorphism c stabilizes each two-sided cell of
Ä Ä Ä .  .  .  .W C . This also holds for W C and W C see Section 6. . As aa 4 a 2 a 3
consequence of the conjectures in Subsections 5.4 and 5.5, I expect that
Ä .this is still the case for the groups W C , l G 5.a l
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6. APPENDIX
Here we list all the left cell graphs, and some related results due to
Ä Äw x  .  .Lusztig and Bedard 2, 12 for the affine Weyl groups W C and W CÂ a 2 a 3
  . .we omit the graph M e in each case since it is too trivial . Keep theL
notations as before. The indices of the related simple reflections are
compatible with the corresponding extended Dynkin diagrams see Subsec-
.tions 1.5 and 5.4 .
Ä .6.1. There are four two-sided cells in the group W C , which are W ,a 2  i.
Ä .i s 0, 1, 2, 4. The non-trivial left cell graphs of W C are as below.a 2
We have the table
 .  .l n V A l l n V A ll l l l
2 .  .5 1 W 1 2 1 4 W 10. 2.
2 5 .  .31 3 W S 1 8 W 11. 2 4.
Ä .So there are sixteen left cells in W C .a 2
Ä .6.2. There are seven two-sided cells in the group W C , which are W ,a 3  i.
Ä .i s 0, 1, 2, 3, 4, 5, 9. The non-trivial left cell graphs of W C are listed asa 3
follows.
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We have the table
 .  .l n V A l l n V A ll l l l
4 .  .7 1 W 1 31 18 W S0. 4. 2
2 2 3 .  .51 4 W S 2 1 24 W 11. 2 5.
2 7 .  .3 1 7 W S 1 48 W 12. 2 9.
2 .32 12 W 13.
Ä .Thus the number of left cells of W C is 114.a 3
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